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Abstract 



In this paper, we prove the nonlinear orbital stability of the stationary traveling 
wave of the one-dimensional Gross-Pitaevskii equation by using Zakharov-Shabat's inverse 
scattering method. 



1 Introduction 

^D , The Gross-Pitaevskii equation 

a^ 

^: ( iut + Au = {\u\^ - l)u, xeW^ 

t^ ■ 1 u{0,x) =uo{x), 

o ■ 

QQ I which models the dynamics of Bose-Einstein condensates, superfluids, has received a lot of 

^^ ■ interest during the recent years. For a recent state of the art, we refer to the Proceedings 

[^ and to references therein. At least formally, (|l.ip can be seen as a Hamiltonian evolution 
K/{ \ equation associated to the Ginzburg-Landau energy 

^ '. u/..\ - I ^iv7 „,|2 , ln„,i2 



H{u)= \V,u\' + -{\u\'-lYdx, (1.2) 

jRd 1 4 

defined on the energy space 

E = {ue Hl^{R'^) : Vccu £ L'^{R'^), |up - 1 e L'^{R'^)}. 

The unusual conditions at infinity imposed by the finiteness of the Ginzburg-Landau 
energy give rise to the existence of many traveling waves solutions to (jl.ip . In what follows, 
we shall restrict our purpose to space dimension d = 1, refering to f^, [2], f3] and references 
therein for the case d = 2 and d = 3. In the one-dimensional case, solutions of the form 

u{t,x) = U{x — ct) 



are completely characterized by solving an ordinary differential equation (see e.g. [3]). Besides 
constant solutions of modulus 1, which correspond to the solutions with H{u) = 0, these 
solutions are given by 



C/.(x) = ^l-fta„h(;i-^^)+,-^. (1.3) 

up to a multiplicative constant of modulus 1. An important question is then the stability of 
such objects for a natural distance on the energy space E, say 

dE{u,v) = |n(0) -v{0)\ + \\u -v'\\l2(m.) + \\\u\^ - |wP||l2(r) • (1-4) 

First of all, let us mention that the notion of stability in this case has to be properly defined, 
taking into account the existence of a continuum of traveling waves corresponding to a con- 
tinuum of velocities. For example, using the formula (|1.3p . it is clear that dEiUc, Uc^) tends 
to as c tends to cq, but if c 7^ cq, we have 



lim / \U'c{x - ct) - Ucoix - cot)\'^dx = ||C/^|||2 + \\U, 



'l|2 , Utt' ||2 

coIIl2- 



For this reason, we shall say that Uc is orbitally stable for the distance dE on E if, denoting 
by Ty the translation operator 

Tyfix) = f{x-y), 
we have, for every solution u of (jl.ip 

sup inf dE{Tyu{t),Uc) — > 0, as dE{u{0),Uc) — > 0. 



In the case of the velocity c 7^ 0, Lin p^ proved the orbital stability of Uc for (jl.ip by using 
the Grillakis-Shatah-Strauss theory. His proof is based on the hydrodynamical form of (jl.ip : 
the solution is written as u = (1 — r)2e*^ so that the equations expressed in terms of new 
variables (r, 6x) turn into a Hamiltonian system which fits in the framework of [9j. Then Lin 
reduces the orbital stability of Uc to the condition 

where the renormalized momentum P{u) is defined by 

P(u) = / Im(uu')(l - r-p?\dx. 

Jr ^ |iip/ 

This approach is valid for non-zero velocities c, because in this case Uc does not vanish on M. 
A major difficulty in extending the above approach to the case of zero velocity is that Uo{x) 
vanishes at some point so that P{Uo) is not defined. In [3], Di Menza and Gallo proved the 
linear stability of Uq under H^ perturbations, and performed numerical computations which 
suggest the nonlinear orbital stability. A very recent result by Bethuel, Gravejat, Saut and 
Smets [4] proved a weak form of orbital stability of Uq for dE, allowing to renormalize the 
solution by factors of modulus 1. In the present paper, we prove that this renormalization by 
factors of modulus 1 is useless, at least for sufficiently smooth and decaying perturbations. 
Our main result is the following nonlinear orbital stability of Uq for (jl.ll) . 



Theorem 1.1. Assume that the initial datum of il-l]) has the form, 

X 

uo{x) = Uo{x) + eui{x), Uo{x) = tanh(^), 

v2 

where ui{x) satisfies the following condition 

sup I < X >^ d''ui{x)\ < 1, for k<3. (1.5) 

Then if e > is small enough, there exists a unique solution u{t,x) of il.l\) such that 

Vt G R , 3y{t) G R , ||ry(j)u(t, .) - C/o||l°° < Ce, for 0<t< +00. (1.6) 

Using a functional analytic argument from [4J, Theorem 1 1 . 1 1 easily yields the orbital sta- 
bility for dE, at least for sufficiently smooth and decaying perturbations. 

Corollary 1.1. For every 5 > 0, there exists e > such that, if 

sup \ < X >'^ d''ui{x)\ < 1, for k <3, 

then the solution u of II 1-1]) satisfies 

Vt G M , 3y{t) G M , dE{Ty^t)u{t), Uq) < 6. 

More precisely, we shall prove that, in Theorem 11.11 and Corollary II. H one can choose 
y{t) = (3t and we shall give an interpretation of the parameter /3. Our strategy for proving 
Theorem 11.11 follows the inverse scattering method as developed by Zakharov and Shabat in 
|llj . Recall that this method is based on the following observation. Let ti be a function of 
(t, x). Denote by u* the complex conjugate of u. Set 

l + \/3 \ d /O u* 



and 



^»='( i-^/shte + U oi' <i-^' 



It is easy to verify that 

^^■"'^"^"U..-(|np-l).. 

Thus u = u{t) satisfies the Gross-Pitaevskii equation (jl.ip if and only if it satisfies the 
operator evolution equation 

-Lu = i[Lu,Bu]. (1.9) 

The above evolution equation implies that spectral properties of L„ are easily handled as t 
varies. Then the solution u at time t is recovered from spectral data of L^u\ from a system 



of integral equations. We shall follow this procedure step by step in the perturbation context 
of Theorem 1 1 . 1 1 and deduce the parameter (3 from the spectral data of L^q- 

This paper is organized as follows. In section 2, we classically discuss the properties of 
generalized eigenfunctions for L„, if n — C/q is sufficiently smooth and decaying at infinity, 
and we introduce a representation formula for these Jost solutions involving a kernel ^ which 
will be the center of our analysis. In section 3 we discuss the properties of transition (or 
scattering) coefficients for L„, in particular in the perturbation context of Theorem I l.H while 
section 4 is devoted to the evolution of these coefficients deduced from equation (|1.9p . Section 
5 is devoted to establishing the fundamental system of Marchenko equations which gives the 
kernel ^ from the transition coefficients. In section 6, we use the system of Marchenko 
equations to prove further information about transition coefficients, in particular the fact 
that the transmission coefficient admits exactly one zero Aq if n is a smooth and decaying 
perturbation of Uq. Finally, Theorem 11.11 is proved in section 7, where it is shown that the 
translation vector y{t) at time t in can be taken as y{t) = — 2Aot. Appendix A is devoted 
to the proof of two technical lemmas, while appendix B explains how to derive Corollary ll.il 
from Theorem 11.11 and a compactness argument in [4]. 

Throughout this paper, z* denotes the complex conjugate of the complex number z. 

Acknowledgements. The first author would like to thank J.-C. Saut for suggesting this 
problem. This paper was written while the second author was visiting the Mathematics 
Department at Orsay as a postdoctoral fellow. He would like to thank the hospitality and 
support of the Department. The second author is partially supported by NSF of China under 
Grant 10601002. 

2 Jost solutions and their properties 

In this section, we assume that n is a C^ function on M satisfying 



sup 

x>0 



dx^ 



{u{x) - 1) 



{x)'^ + sup 

x<0 



dx^ 



{u{x) + 1) 



{x)"^ < +00 , < A: < 3. 



(2.1) 



In view of the Lax pair framework recalled at the end of the introduction, the scattering 
problem associated with the Gross-Pitaevskii equation is 



LuX = Ex, X 



Xi 

X2 



, EgR , 



(2.2) 



where L^ is defined by (jl.7p . We make the change of variables 



XI = (\/3-l)2e'''2%i, X2 



(\/3 + 1)2 6* — 172. 



Then (12.21) is reduced to 



• ^^1 * 

i^— + 9^2 = Aui, 
ax 

.dv2 

-I— Vqvi = Xv2, 

ox 



(2.3) 



where A = ^-E, q = -^u. Introducing the matrices 

system (j2.3p reads 

iMd^v + Qw - Av = . (2.4) 

Notice that system (j2.3p is invariant with respect to the involution 

V2 



In other words, v is also a solution of (j2.3p if w is a solution of (j2.3p . Moreover, if both u and 
tD are solutions of p.3p . then their Wronskian defined by 

{v, w} = V1W2 — V2W1 

does not depend on x. 

By (12. ip . we find that g — > ^ as x ^ +00, and g ^ ~ 2 ^-s ^ ~^ —00. Set 

which are solutions of (12. 3p with q = ^. Here (" G M and satisfies A^ — ("^ = |. Hence 
X-|^ , X^ and all the functions we are going to define are strictly speaking functions on the 
hyperbola 

F = {(A,C)eM2| A2-c2 = i}. (2.6) 

Notice that C is a coordinate on each of the branches H± = H D {±A > 0} of H. In what 
follows, we will often make the traditional abuse of notation which consists in suppressing the 
dependence on (, so that these functions appear as double-valued functions of A. Similarly, 
we set 

X^=e-<'^( ^' .^V X,-=e<^f-^(^-^)y (2.7) 



which are solutions of (|2.3p with q = —^. 

The Jost solutions "01 and "02 are the solutions of the system ()2.3p with the following asymp- 
totic forms at infinity 

V'l ~ X^ , ip2 ~ X2 , as X ^ +00. 

Similarly, 

ifi '^ X^ ^ (p2 '^ X2 , as X ^ — 00. 

Let us recall why these functions are well defined. We decompose Q{x) as 






Q{x) = Q^ + R^{x) , Q+ = r^ 2 , ^+(^) = I - ^ ^ v-^^ 2 



Then, using (|2.4|) . ^i = X^ + Vi where Vi satisfies 

id^Vi + M{Q+ - X)Vi = -MR+t/ji , 

with Vi{x, A) — > as X — > +00, hence, by the Duhamel formula, 

r+00 
Mx,X) = X+{x,X)+ S{x,y,X)i;i{y,^)dX (2.8) 

J X 

where the matrix S is given by 

S{x, y, A) = -ie'^^-y^^^^^^-^^MR+iy) . (2.9) 

Notice that, since A^ > ^ on H, the spectrum of M{Q^ — A) is real. In view of the decay of 
R^{x) provided by (|2.ip . 5 satisfies 

/•+00 
Va € ffi, / sup \S{x,y, X)\dy < +00. 

Ja x>a 

Consequently, the integral equation ( I2.8P is of Volterra type, hence admits a unique solution 
■01. We argue similarly for the other Jost functions. Moreover, ()2.ip also implies that 

VaeM, / sup\d{S{x,y,X)\dy <+oo, j <2. 

Ja x>a 

Consequently, we can state 

Lemma 2.1. The Jost functions 1^1,11^2,^1,^2 are C^ functions on the hyperbola H defined 
by (M)- 

2.1 A representation formula 

In what follows, we are going to study further properties of the Jost functions by establishing 
the following representation formula, 

r+00 
Mx,X) = Xt{x,X)- ^{x,y)X+{y,X)dy, (2.10) 



where ^{x,y) is a matrix-valued function. Substituting (j2.10p into (|2.4p . we find that the 
matrix ^(x,y) should satisfy the following linear system 

iMd^^ + idy^M - *Q+ + Q{x)^ = 

together with the boundary conditions 

r+00 
iM^{x,x) -i'^{x,x)M + R^{x) = Q , / |^(x,y)| dy ^ as x ^ +00. 

J X 

A simple computation shows that this system is equivalent to 

A , A^ /^*ll(^'2/)^ = ■( -"9" ^*^^)\ ('^i2{x,y) 
dx^ dy)\^22{x,y)) \-q{x) ^ \^2i{x,y) 

) ( (2-11) 

\dx dy)\-^2i{x,y)J \-q{x) ^ J \-^22{x,y)^ 
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together with the boundary conditions 



r>+00 



(^ + ^\(^^^^'^^y)\=i( "? q*{x)\(^^2{x,y) 



\dx^ dy) \^22{x,y)) \-q{x) -^ I \^2i{x,y) 
\dx dy)\^2i{x,y)) \-q{x)-^)\^22{x,y) 



together with the boundary conditions 



^\2{x,x) = $2i(x,a;) = '-{q{x) + -^), 

/x 
\^{x,y)\dy ^0 as x ^ — oo . 



(2.12) 



/• + 00 

/ |^(x,y)| (iy ^ as X — > +00. 

J X 

By the symmetry of the system (|2.1ip , we find that 

^11 = ^^2, ^12 = ^21- (2.13) 

From the invariance of the involution, we have 

Hence, we can obtain a similar representation for ^2 

r+00 
Mx, A) = X+{x, A) - / ^{x, y)X+{y, X)dy. (2.14) 

J X 

Similarly, we can also obtain the following representation for ipi and ip2 

ipi{x,X)=X{{x,X)- / ^{x,y)X^{y,X)dy, 

J —00 

/x 
<^{x,y)X2iy,X)dy, 
-00 

where the matrix ^(x,y) satisfies the linear system 



(2.15) 



(2.16) 



(2.17) 



Let us show how to solve the system (12. lip . (12.12p . Introduce the nonnegative variable 

1 , 

p = -^{y-x)>o 



and set 



^i2{x,x + 2p)\ ^^^^^ ^^ _ f'il^u{x,x + 2p)\ T3i^^ _J -^ (f{x) 



^^-'^)={*2i(x;x+2p)j '^(-'^)=U22(x;x+2p)j '^(^^=^v-'?(-) f 



Then system (|2.11|) reads 

dxW{x,p) = B{x)V{x,p) , dpV{x,p) — dxV{x,p) = —B{x)W{x,p) , 
and (IXT^ reads 

V{x,0) = Vo{x)='-lq{x)-^] fM , 1^^" {\V {x, p)\ + \W {x, p)\) dp ^0 as x^ +00 

Writing W from the first equation as 

r+00 
W{x,p) = - B{x')V{x',p)dx' , (2.18) 

J X 

we finally obtain the integral equation for V, 

V{x,p) = Vo{x+p)+ / B{x + p-p)B{x')V{x\p)dx dp . (2.19) 

Jo Jx+p-p' 

Notice that 



l^-q{z')q*{z) ^{q*{z)-q*{z')) 
'■-{q{z) - q{z')) \-q*{z')q{z) 



B[z)B[z') = - jr^^: ^^ ^;i -^)^ ^Z-:^ }\ ^^ I (2.20) 



so that, in view of ()2.ip . \i z' > z > —a for a positive number a, then 

\B{z)B{z')\ <C{a){z + a)-^ . 

For every integer N > 2, denote by Vn the space of functions V = V{x,p) on M x R-|- such 
that, for every a > 0, 

r+oo 

sup (x) / |y(x,p)| dp < +00 

x>—a Jo 

For every F G V2, we set 

rp ^+00 

Kv{x,p) = / / B{x + p — p')B{x')V(x' ,p') dx' dp' . 

Jo Jx+p-p' 

We claim that Kv E Vn+i if V^ G Vat. Indeed, if x > —a, 

rp r+00 

\Kv{x,p)\ <C{a) I {x + p — p + a)~ / \V{x' ,p)\dx' dp , 

^0 Jx+p—p' 

thus, denoting by ||/|| the L^ norm of / = f{p) on M+, we have 

r+00 r+00 

\\Kv{x,.)\\<C{a) {x + s + a)-^ \\V {x' , .)\\ dx' ds 

Jo Jx+s 

therefore 

r+00 

\\Kv{x,.)\\<C{a){x + a)-^ / \\V {x' , .)\\ dx' . 



In particular, if ||y(a;, .)|| < D{a){x + a) , then 

l|A-F(.„)ll<«^(. + <-)-'-'. 
Starting from Vo{x,p) = Vo{x + p), we conclude by an easy induction that 

which implies that the series '^n=oi~^)"^^^^o{x, ■) converges in L"'^(M+) uniformly for x > 
—a, for all a > 0. Moreover, denoting by V the sum of this series, V solves ()2.19p and V £ V3. 
Finally, coming back to ()2.18p . we have W £ V2- It is now a routine to estimate similarly 
the derivatives of order k < 3 of V,W with respect to x,p, and to show that they belong to 
V3, V2 respectively. For future reference, we set 

^{x,p) = ^{x,x + 2p) , 

and we sum up the above results by 

r+00 
Va>0,Vx>-a, / \d'':^{x,p)\dp < C{a){x + a)'^ ,\a\ < 3. (2.21) 

Jo 

2.2 Analytic continuations and a priori bounds 

We are now in position to study the properties of Jost solutions ^1 and 1^2- Introduce the 
Riemann surface 

T = {{X,C)€CxC\X'-e = \}, 

and denote by F the two sheets of F corresponding to itlmC > 0. Notice that, (^ is a 
single- valued holomorphic function of A on F"*" and on F~ . Also notice that 

Lemma 2.2. (1) The Jost solution ipi{x,X) G C'^(Ma;) can be extended analytically to the 
lower sheet T~ and has the form 

Mx, A) = X^ix, A) + ^,{x, C)X^{x, A). 

(2) The Jost solution ip2{x,X) G C'^(M^) can be extended analytically to the upper sheet F"*" 
and has the form 

M^, A) = X+{x, A) + ^2{x, OX+{x, A). 
Here 'ifi{x,C) and ^2(2;, C) satisfy 

\^i{x,C)\ + \^2{x,C)\<C{a){C)~^{x + a)^^, forx>-a,a>0. (2.22) 



Proof. We rewrite (j2.1Up as 

r+oo 

Vi(x,A)=X+(x,A)- / ^{x,y)X+{y,\)dy 

J X 

r+oo 

= X+{x, A) - 2 / :^{x,p)e-'^''^P dpX+{x, A) 
Jo 

^X+(x,A) + ^i(x,C)^i+(x,A). 
We get by integrating by parts that 

'^i{x,Q) = -*(x,0) + - / ap^(x,p)e-2<Pdp , 
C Wo 

which, in view of the estimates (j2.21|) on _5|_, iniphes (j2.22p . Since (2) can be proved in a 
similar way, we omit its proof. D 

Similarly, we state the following properties for the Jost solutions ipi and ip2. 

Lemma 2.3. (1) The Jost solution c^i(x,A) G C'^(Mx) can he extended analytically to the 
upper sheet r+ and has the form 

V9i(x, A) = X^{x, A) + $i(x, C)X^{x, A). 

(2) The Jost solution ip2{x,X) E C'^(M2,') can be extended analytically to the lower sheet T" 
and has the form 

ip2{x, A) = X^ix, A) + <^2{x, C)X^ (x. A). 
Here ^i{x,C) and ^2{x,C) satisfy 

\^i{x,0\ + \^2{x,0\<C{a){0-\x-a)~\ forx<a,a>0. (2.23) 

2.3 The unperturbed case 

As a next step we apply the above results to the particular case 

a (x) = tanh ( —pz 

In this case, since q^ is real valued, the kernel of equation (I2.19P satisfies, in view of (12.20p . 



B{z)B{z') ( _^ J = - (i - ^(^)9(^') - ^9(^) + f '?(^'; 



-i (l - tanh (^))(l+ tanh (^ 



-1 

1 



so that V2{x,p) = —Vi{x,p) and (|2.19p reads 



Vi{x,p) 



(-'-(^) 



2\/2 V 
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Introducing the following new variables 



s = e 



V2(x+p) 



.V2p 



>0 , r = e'^'^P > 1 , v{s,r) =Vi{x,p) 



we obtain 



v{s,r) 



r /■+00 



v{s' ,r') 



2^/2(5 + 1) A Js is + r'){s'+r'] 
and it is easy to see that this integral equation admits for solution 

v{s,r) 



ds dr 



2^/2{s + r) 
Coming back to the original variables, we infer 



le 



-V2p 



^?i(2;,j; + 2p) = W^{x,p) 



V2{1 + ev^^) 

f,-V2p 



^/2(1 + e^^) 
Through the representation derived in Section 2.1, we obtain 



1 ^-»(A-C) 



and similarly, through Lemma |2.3^ 



l+ev^^ %^+i^ 



Vl^ 



^i^-O-j-^^ 



i+{A-C) 



+«C 



V2(A-C) 



1 



-^i+ix-0 



1 ^+i(A-C) 



/ 



1+ev^^ ^-i( 



ev^- ^+j(A-C) 



(^?(:E,A) = e-'<- 



l + eV^=: \/2_j^ 



1-^(^-0 + 1^^ 



i+(A-C) 






2 < 



l+ev^^ ^+iC 



2.4 Perturbation analysis 



(2.24) 



(2.25) 



(2.26) 



We close this section by describing how the results of the previous subsections can be precised 
when q is assumed to be a perturbation of q^ in the sense of Theorem II. H namely if 



/(x) =q°{x)+eq^{x) , (x)' 



dx'^ 



< 1 , < A; < 3 , 



(2.27) 



and e is a small positive parameter. Revisiting the analysis of subsections 2.1 and 2.2, and 
comparing to the results of subsection 2.3, the following perturbation results can be easily 
proved. 



11 



can 



Lemma 2.4. The matrix-valued functions ^, $ defined by ( f07]J . ^KW\) . ^KW\) . [KT1\ ) 
be written as 

*(x,y) = ^°{x,y)+e^\x,y) , $(x,y) = <^°{x,y) + e^\x,y) , 

with the following estimates : if we set, for p > 0, 

^^{x,p) := ^'^{x,x-\-2p) , ^^{x,p) = $^(x,x - 2p) , 

then 

r+oo 

Va>0,Vx>-a, / \d°'^\x,p)\dp < C{a){x + a)-^ ,\a\ <3 , (2.28) 

Jo 

r+oo 

Va>0,Vx<a, / \d''^\x,p)\dp < C{a){x - a)-'^ ,\a\ < 3 . (2.29) 

Jo 

Lemma 2.5. For fixed q^ , the Jost functions are real analytic of the paramter e in a neigh- 
borhood of inM. Moreover, for e small enough, they can be written as 

V'i(a;,A) =V?(x,A)+e^{(x,A) , tlj2{x, X) = ij^{x, X) + eijl{x,X) 
ipi{x,X) = (Pi{x,X) -^e^\{x,X) , (p2{x,X) = ip2{x,X) -^eipl{x,X), 

with 

IVKx, A)| + \i;lix, A)| < C{C)-\x)-^ forx>0 
\ip\{x,X)\ + \^l{x,X)\ < C{C)-\x)-^ forx< 0, 

and X € r~ in the cases of'ipi,ip2, while X £ T^ in the cases of tp2,'^i- 

3 Transition coefficients and their properties 

Now let C be real. Let tpi{x, X),^p2{x,X),ipl{x, X), and (p2{x,X) be the Jost solutions con- 
structed in Section 2. Since their Wronskian is independent of x, we get by their asymptotic 
behaviour at infinity that 

{V^i,V2} = M,V'2}=4C(A-C). (3.1) 

Thus, Vi ^-iid 1^2 are linearly independent for C 7^ 0. Hence, we can expand (pi and (p2 
uniquely as 

ifi = a'ipi + 6V2, <f2 = a*ilj2 + b*ilJi, (3.2) 

from which and (j3.ip . we get 

«(^) = iC(A^' ^(^^ = -4C(A^' ^'-'^ 

which are called the transition coefficients. In the case when q{x) = ^tanh(-^), it is easy 
to compute by (I2.25P and ()2.26p that the corresponding transition coefficients denoted by 
aO(A) and ^^(A) are 

a°(A) = ^ + ^"|\ 6°(A) = 0. 

x + c + Y^ 
12 



Note that 

{ipuip2} = i\a\^-\b\^){4^i,iJ2}, 

and {ipi,(p2} = {V'i,V'2}; we have the normahzation relation 

|a(A)|^-|6(A)|2 = 1, forAGM, |A|> 



V2 



(3.4) 



We find by Lemma |2. 2112. 31 and the definition of a(A) that the function a(A) can be extended 
analytically to the upper sheet r+ . In what follows, we will study the properties about the 
transition coefficients. Let us begin with the following simple fact about the function ("(A) 
which will be constantly used: For A G M, |A| >> 1 



C = X + 0{\), for A > 0, C = -A + 0(i), for A < 0. 

A A 

Lemma 3.1. Let a(A), b{X) be given by \3.3\) . Then there hold for A G M, |A| > ^ 

|a(A)-aO(A)|<Ce|Cr\ 

|6(A)|<C7emin(|C|-Mcr=^), 
6(A) 



a(A) 



<mm{l,Ce\Cr\Ce\C\- 



Proof. We write 



Substituting (13. 9p into the first formula of (|3.3j) . we get 



(3.5) 



(3.6) 

(3.7) 

(3.8) 



(3.9) 



a(A) 



4C(A-C) 



4C(A - C) 



{(^5,^0} ^ M'ijl } + W\,tl^',}+eW\,i^l} 



4C(A-C) 
= a°(A) + ea^(A) 



4C(A - C) 



which together with Lemma 12.51 and (j3.5p gives (j3.6p . We next prove ([3 
{951,^1} = 0, we get 

Thus, we can get by using Lemma [231 and (|3.5p that 

\b{X)\ < Ce\C\-\ 



Note that 



(3.10) 



(3.11) 



In order to obtain the better decay estimate for b{X), we need to use the following more subtle 
argument. Multiplying by e^*^^ on both sides of (|3.10p and taking the derivative with respect 
to X to the resulting equation, we get by using the fact that {(/?!, -01} is independent of x that 



+e{e'<^^l,e'<^i;l}). 



(3.12) 
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It is easy to verify by (j2.26p that for A; G N 



By the proof of Lemma 12.21 adapted to Lemma 12.51 we have 



^A.)\e^C^^O{x,X))\<C. (3.13) 



|(-^)''(e^^^>l(x,C))| <C7, for k<3,x>0. (3.14) 

ax 



By summing up (13.130 and (13.140 . we obtain 

Similarly, it can be proved that the other two terms on the right side of (|3.12p are bounded 
by C . Thus, we get by using (|3.5|) and (|3.12|) that 

\b{\)\<Ce\Cr\ for |C|>1, 

which together with (j3.1ip gives ()3.7p . Now we turn to prove (|3.8p . We get by (j3.4p that 

6(A) 



<1, |a(A)|>l, 



a(A) 

from which and ([SZD, it follows ^3^. D 

Lemma 3.2. The function a(A) has at most one zero. Assume that Aq is a zero ofa{X), one 
has 

(1) Ao G (-^,+^) is simple; 

(2) there exists a constant bo such that (pi{x, Aq) = 60^2(2;, Aq) for any x G M; 

(3) for e small enough, there holds 

|Ao| < Ce, \bQ-i\<Ce, |;Uo + 2|<Ce, (3.15) 

where 

Proof. Let us assume that Aq is a zero of a(A). From (|3.4p . we see that A does not belong to 
{A G M, |A| > ^}, hence ImC, > 0. 
Since 

Wi,i^2}{Xo) = 0, 

there exists a constant 60 such that 

^i{x,Xo) = bo'>p2{x,Xo), xeR, 

which implies that the system (12.30 with A = Aq has a global L^ solution on M. Thus, the zeros 
of a(A) correspond to the eigenvalues of the system (j2.3p . From the self-adjoint character of 
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the system , it follows that Aq must lie on the segment (— -^j +-^) of the real axis. We next 
prove that Aq is simple. It suffices to prove that a'(Ao) 7^ 0. By (|3.3p . we have 

//x ^ il^V^i. V'2}(^, Ao) + {^i,^i)2}{x, Ao) 2 ^i_.„ 

« (.^Oj = T-ryr ^rr , Co = (Aq - Tjj^ - ^^0 ■ 

Set (^ = I j , we get by using the equations (j2.3p that 

Q^{^9'i,V'2}(2;,A) = -i{aLpi,%l)2}{x,X), 
d d 

from which and the fact that the Jost solutions (/9i(x,Ao) and iIj2{x,\o) decay to zero as 
|x| ^ 00, it follows that 

{-qZ^i,'4'2}{x,Xo) = -ibo / {aTp2,'ip2}{x',Xo)dx', 

Q r+00 



{931, oT^2}(a;,Ao) = -i6o / {crip2,i^2]{x ,Xo)dx . 



From the invariance of the involution of (|2.3p and the uniqueness of the Jost solutions , we 
find that for A G (-^, +^) 

^/2(A + C)V'2(x,A)=V^2(x,A), 
which implies that 

W2,V'2}(X,A) = |V'2(X,A)|2. 

Putting together the above formulas, we get 

ihn f °^ Ithoix, Xo)\'^dx 
a'(Ao) = - "" ' 1 ^ 0- (3.16) 

We now prove (j3.15p . Using the similar proof as in (j3.6p , we have 
|a(A) - aO(A)| < C£|Cr\ for A G (-^,+^). 
Set C = ^(i - A2)5 = ii/ for A G (-^, +^). Then we have 

|a°(A)| = ^^>^|A|. 
Hence, we have at the zero point Aq that 

\XoWo\'<Ce', Co = iX'-W^ 
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which is equivalent to the inequahty 



\t--\l + Ce^>Q. 



We get by solving the above inequality that 



Age 



"'-An-'^'^ 



U 



i-Wi--'i 



(3.17) 



Note that \ + \J\- 4Ce2 ^ i as e ^ 0, while by dST 



liniinf |a(A)| > 1, 



A^±i 



which together with (j3.17p implies that for e small enough 

|Ao| < C£. 

Using the fact that ip\{x,^) = zV'2(2^)0), we get 

(i - 6o)V5(x, 0) = e{hoi^l{x, Ao) - ^\{x, Aq)) - {^l{x, Aq) - vp?(x, 0)) 

which together with Lemma 12.51 and (|3.18p gives 



(3.18) 



|6o-^||V'2° (0,0)1 



V2, 



bo — i\ < Ce|6o — i| + Ce, 



which implies the second inequality of (j3.15p . We next prove the third inequality of (|3.15p . 
By the first two inequalities of (j3.15p and (j3.16p . it suffices to prove that 



+ 00 



|V'2(x,Ao)pdx- \/2| < Ce. 



(3.19) 



We write 



+ 00 



+ 00 



1^2(2;, Ao)|^(ix = / \^l{x,\o) + eiljl{x,\Q)\'^dx 

-00 JO 

1 /-o 



from which and Lemma 12.51 it follows that 

f+00 



|99?(x,Ao) + ev9j(x,Ao)|^(ix, 



|-02(a;,Ao)| dx 



\^'i{xAo)Vdx 



1 







^\{x,\o)\ dx\<Ce. (3.20) 



/o l^ol 

On the other hand, from the exact formula (I2.25H2.2"6]) and ()3.18p . it is easy to verify that 

"+00 



V9;(x,0)=i^0(x,0), 



|V'2(2;,0)p(i3; = \/2, and 



+00 



|^5(x,Ao)-V2(^,0)|2dx+ / |99?(x,Ao)-vp?(x,0)|2dx<C7e, 
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which together with ([^^ imply (pD^ . 

Finahy, we prove that a(A) has at most one zero. Assume that Ag is another zero of a(A). 
Then |Ao| < Ce by the above proof. We get by an exact computation that 



(1 + V2i'o)(l + v2i^o) ^ ^ 



iV2 

Hence, for e smah enough there exists a constant c > such that 

|a°(Ao)-aO(A'o)|>c|Ao-A'o|. (3.21) 

Using Lemma 12.51 and the fact that |Ao|, |Aq| < Ce, we have 

|ai(Ao)-ai(A[,)|<C|Ao-A'o|, 
which together with p.2ip imphes that Aq = Aq. The proof of Lemma 13.21 is complete. D 

4 The evolution of the transition coefficients 

In this section, we will derive the evolution equations of the transition coefficients. Let us 
begin by deriving the evolution equations of the Jost solutions. 
Differentiating (j2.2p with respect to t, we get 

d dx 

from which and p.9p . it follows that 

Lu{^ + iBuX)=E{^+iBuX), 
which together with the asymptotic behavior and uniqueness of the Jost solution gives 



^ + iBuX = iV3{^-C)\, (4.1) 

for X determined by the Jost solution -01 or ipi, and 

^ + iBuX = iV3{^ + C)\, (4.2) 

for X determined by the Jost solution 1/^2 or ip2- 

Differentiating (|3.2p with respect to t, we get by using (j4.ip and (j4.2p that 

da , ,db , , ^,, , 
-V., + (^ + ^4ACW. = 0. 

So, we get the evolution equations of the transition coefficients 

a{t, A) = a(0. A), 6(t, A) = 6(0, A) exp(-i4ACt). (4.3) 

Thus, the zero of a{t, A) does not depend on the time t. 
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At the zero Aq of a(A), we have 

(/7l(x, Ao) = bo'4'2ix,Xo). 
We get by using the evolution equations (j4.ip and (j4.2p of the Jost solutions that 

dbo{t) 



dt 
which gives 



+ iAXoCoboit) = 0, 



6o(t) = 6o(0)exp(-i4AoCot), Co = (Ag - ^)i (4.4) 

5 The Marchenko equations 

In this section, we will derive the Marchenko equations which connect the potential q{x) with 
the scattering data. Throughout this section, we assume that the function a (A) has one zero 
Aq, and we denote by bo the constant such that 

ipi{x,Xo) = bo^p2ix,\o), (5.1) 

and 

V 2 '^ i^oa (Ao) 

From (|3.16p . we know that fiQ is a real number. Moreover, by the the uniqueness of the Jost 
solution, the change (A, () G H >-^ (A, — C) S H implies that 



which together with p.2p implies that 

a^-a*, b^-b*. (5.2) 

For C G M, we set 

A = A(c) = ^le + \ , 

and 

/>N /xN / ^^ /AN c(A) - c(-A) b 

A a 

The above observations imply that 

Cl(-C) = Cl(C)*, C2(-C)=C2(C)*. 

We then define the following real valued functions of the real variable z, 

i^i(^) = TT / ci(C)e<^ciC - ^oAoe--^"^ , F2{z) = — / C2{C)e'^'dQ - /xoe"'^"^ .(5.3) 
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Proposition 5.1. The functions ^n, ^12 defined by V2.ll]) . i2.1^} satisfy the following 
system for y > x, 



2V2^uix,y)=F2ix + y) 

r+oo 

- / ^i2(x, s)V2{Fi{s + y)- iF^{s + y)) + ^ii(x, s)F2{s + y)ds 

J X 



(5.4) 



and 



2^/2^l2(x, y) = V2{Fi{x + y) + iF^{x + y)) 

r+oo 

- / *ii(x, s)V2{Fi{s + y) + iF^{s + y)) + ^i2(x, s)F2{s + y)ds . 

J X 

Let us prove Proposition 15.11 We rewrite the first equation of (13. 2p in the form 



a W 27rC 



^^-^" + a^V2<' 



y > x. 



(5.5) 



(5.6) 



The left-hand side of (j5.6p is analytic on the upper sheet F"*" of the Riemann surface F, with 
the exception of the point Aq. We integrate (j5.6p along the contour with respect to A indicated 
in the following figure: 





I 
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Re A, 



We get by using the residue theorem and (|5.6p that 

dA (/Ji(2;,Ao) 



/(^-^O^'^: 



e-0?^ = fc >2(x,Ao) ^_,^^ 



27rC i^oa'(Ao) foa'(Ao) 

Substituting the representation (|2.14p into (|5.7p . we get 



(5.7) 



Vi -^1+1 e<^— = (^^^i'^(^ + y) +*^^i'^'(^ + y)~ 



27rC 1^ 



F2^^^(x + y) 
+ i\/2i^ 

2 '(5 + y) 



where 



p(i) 



(1), 



F|^^(z) = /xoAoe-'^o^ F2'^^(z) = Moe-''«^ . 



(5.8) 



(5.9) 
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On the other hand, using the representations (|2.1U|) and (|2.14|) . the contribution of the 
right hand side of ()5.6p to the integral reads 



/( 



Note that, if / is holoniorphic and bounded on T , 

,.,„|i./;;,. /.Mc))-/(-Mc» |. 

Then, we get by using (jS.lOp that 



/ V2Ff ) (x + y) + i\/2Ff )' (2; + y) \ 
V F^ix + y) ) 






^(x,.)r^^i ^^^%;'"^:^ ^^-^m^-, (s.n) 



where 



Fi\^) = TT / ci(C)e*«^dC ,Ff (z) = — / C2(C)e<^dC • (5.12) 

Combining (j5.8p and (|5.1ip . and recalhng the symmetry properties (j2.13p of ^, this completes 
the proof of Proposition 15.11 D 

Marchenko equations stated in this proposition are related to the asymptotic analysis of Jost 
solutions for x — > +cxd and for this reason are called Marchenko equations from the right. 
Marchenko equations from the left can be derived similarly. We state the result without 
proof. Set 

ci(C =c A +c(-A), C2(C = ^^ , c = , 

A a 

and define the following real- valued functions of the real variable z, 

f[^\z) = /.oAoe'"'^ , F^'\z) = fi^e''^^ , (5.13) 

Fhz) = ^ / ci(C)e<^ciC , Ff (z) = - / MOe^^'dC , (5.14) 

Fi = fP - F^'^^ , F2 = Ff ^ - fJ^^ . (5.15) 



Proposition 5.2. The functions ^u, <l>i2 defined by ii2.16]) . i2.17\ ) satisfy the following 
system of equations, 

2V2<^u(.x,y) = -F2{x + y) 

- I ^i2(x, s)V2{Fi{s + y)- iF^is + y)) + $ii(x, s)F2(s + y)ds , (5.16) 
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and 

2v^$i2(x, y) = V2{Fi{x + y) + iF^{x + y)) 

- f $ii(x, s)V2{Fi{s + y) + iF^is + y)) + ^uix, 5)^2(5 + y)ds , (5.17) 
J —00 

for y < X. 

In particular, in the unperturbed case case when q{x) = ^ tanh(^), we have 



X-\-C - —i 
a{X) = ^ ^, 6(A) = 0, Ao = 0, /xq = -2. (5.18) 

A + C + ^i 



/2 

Thus, Fi(z) = 0, F2{z) = 2e^~^^. The Marchenko equations become 

2V2^ii(x,y) = 2e~'?(^+2^) 



/ ^i2{x,s)e-'^^y+'Us-2 ^n{x,s)e-'^^y+'Us, (5.19) 

J X J X 



and 



V^i 



2V2^i2{x,y) = -2ie-2(^+y) 

+2i ^n{x,s)e-'^'-y+'Us-2 ^i2ix,s)e-'^^y+'^ds , (5.20) 

J X J X 

which ahows to recover the values of 'i?^{x,y) already found in subsection 2.3. (see (j2.24p ). 

6 Further properties of the transition coefficients 

In this section, we will use the Marchenko equations to obtain the further information about 
the transition coefficients which will play an important role in the proof of Theorem 1.1. In 
section 3, we proved that a(A) has at most one zero. In the following, we will prove the 
existence of zero. 

Proposition 6.1. The function a(A) has exactly one zero. 

Proof. By Lemma 13.21 we know that a(A) has at most one zero Aq, and that |Ao| < Ce. It 
remains to prove the existence of this zero. Assume that a(A) does not vanish. In this case, 
the Marchenko equations become 

2^2^11 (x,y) = Ff)(x + y) 

»+oo 



and 



- f " ^i2{x,s)V2{F[^\s + y)-iFf{s + y)) + ^ii{x,s)F!^\s + y)ds, 

J X 

2V2^i2(x,y) = ^f2{Ff\x + y) + i^f ^'(x + y)) 

r-\-oo 

- / ^u{x,s)V2{Fi^\s + y) + iF^^^'{s + y)) + ^i2{x,s)FP{s + y)ds. 

J X 
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Thus, we get by the Young inequahty that 

11^(0, •)IIl2(,>0) < C(l + 11^(0, .)llLi(y>o))(l|i^f ^IIl2 + \\F^^\\l^ + WF^Wl^). (6.1) 
We get by ([2:21]) and Lemma [23] that 

11^(0, .)IIl1(j;>o) < C, 11^(0, •) - ^°(0,-)||l2(,>o) < Ce , (6.2) 

where "^^ denotes the unperturbed kernel, given by (|2.24p . By Lemma |3.1[ we have 



I7?(2)|| ^ , ||p(2)|| ^ , ||J7(2)'|| ^ ^ r<A 



(6.3) 



Indeed, by the Plancherel formula. 



7(2) ||2 

1 IIl2 



< c 



6(A) 



a(A) 



'|CI<£ 



ICI>e C 



By summing up (|6.ip - ([6.3p . we obtain 

V2 



X = ll^°(0'-)lli^(.>0)<^^' 



which is impossible. So, a(A) must have a zero. 



D 



Proposition 6.2. //e is sma// enough, then the transition coefficients a(A),6(A) satisfy, on 



H, 



lim Ca(A) = 0, hm C6(A) = 0. 



(6.4) 



In order to prove Proposition 16.21 we need the following two lemmas. 

Lemma 6.1. Let {F| '{x),F2 {x)} be given by i5.9\) . and {F£ '{x),F2 {x)} be given by 
Ii5.13\) . Then there hold 

\Fi'^\x)\ + 1^2^^^ (x) + 2e-^^| + |Ff ^'(x) - ^/2e-^^| < Cee"^^ for x > 0, 
\Fi^\x)\ + 1^2^^^ (x) + 26"?^! + 1^2^^^' (x) + \/2e^^'| < Cee^^' /or x < 0. 

Proof. Lemma 16.11 is a simple consequence of Lemma 13.21 D 



fo) (2) ^(2) — (2) 

Lemma 6.2. Let {F^ (x),F2 (x)} be given by 115. 12\) . and {F^ (x),F2 (x)} be given by 
^5.14^ . Then there exists M > (independent of e ) such that 



f '^(\Ff\x)\ + \fP{x)\ + 1^2^^^' (x) I ) dx < Ce 



-M 



?m, 



n(2) 



(2)', 



F'i>{x)\ + |F2^'^(x)| + 1^2^"^ (x)| )dx<Ce . 



(6.5) 
(6.6) 
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Proof. We just prove (|6.5|) . since (|6.6|) can be similarly proved. We use the notation of 
Lemma [2.4[ Substracting the Marchenko equations for ^^ from the Marchenko equations for 
\&, we obtain 



2eV2^l,{x, y) = F^ {x + y) - {Fi^\x + y) + 2e-^("+^)) 

/"H-CxD 

- / ^i2{x,s)V2{Fi^\s + y)-iFP'{s + y)) + ^n{x,s)Fi''\s + y)ds 

J X 

+ / '"^i2ix,s)[Fi'\s + y) + ii2e-'^^y+-'^-V2Fi'^'{s + y))]ds 

J X 

f + OO ^ 

J X 

- / 2ie^\2{x, s)e- 2 (^+^) + 2e^}i(x, s)e- 2 (^+^)ds, 

J X 

and 
2e^^\^(x,y) = ^Pi{Ff^ + iFf^' ){x + y) - ^Pi\Ff\x + y) + OfI^^' {x + y) - V2e-"?("+'^))] 

- / "^n(x,s)\/2(Ff)(s + y) + iFf)'(s + y)) + ^i2(x,s)Ff)(s + y)ds 

J X 

+ / °^^ii(2;,s)[Fi^^^ -i(2e-'?(2'+^) - ^f2Flp\s^y))\ds 

J X 

r-\-oo ^ 

+ / ^i2(x,s)(2e- 2 (!^+«)+Fi')(s + y))ds 



r>+oo 



+ \ "^ 2ie^\^{x,s)e-'^^y^'^ -2e^\^{x,s)e-'^^y^'^ds. 

J X 

Integrating in y E [x, +00 [, and using Lemma 12.41 and Lemma |6.H we infer, for every x > 0, 



/ (|Ff)(.)| + |Ff(.)| + |Ff'( 

J2x ^ 



z)\\dz< Ce 



2 
+C I " Mx.p)\ I " (|i^f ^(^)l + \f!^^\z)\ + \Ff{z)\] dzdp. 

Jo J2x+2p ^ ' 

In view of estimate (I2.2ip , this completes the proof of Lemma 16.21 D 

Now we are in position to complete the proof of Proposition 16.21 We can expand a(A) and 
6(A) near C = as 

a(A) = aO(C) + ^ + ai(C), 6(A) = ^ + 6i(C) forA > 0, (6.7) 

a(A) = aO(C) + ^ + ai(C), 6(A) = -^ + 61(C) forA<0. (6.8) 

Here a'^(C) = ^/f:, and from Lemma [2.51 and (j5.2|) . we know that cr±(e) is a real constant 

and analytic in e (tending to zero as e — > 0), ai(C)i ^i(C) ^ C^(M) and for k <\ 

l(^)%(C)l + l(^)%(C)l<Ce. (6.9) 

23 



From (|6.7|) and (|6.8|) . we find that if cr±{e) ^ 0, we have 

limM.i, lim M = _i. (6.10) 

^_,^ a{X) A-.-^ a(A) 

Lemma 6.3. Let A = (2 + C^)^- There exists a constant C independent of 60 and e such 
that as £ tends to zero, 

\Yiui- f -^dC-isgna+{e)\<C5Q, (6.11) 

I hm - f ^^^^dC + isgna^{e)\ < CSq, (6.12) 

■5^0 TT J5<\(:\<5o C 

for 5o > sTnall enough. 

Proof. We first prove (j6.1ip . We get by making an expansion for a^(C) near C = that 

a(A) = -i + ^ + ai(C)+a2(C), 
where 02 (C) is smooth and 02(0) = 0. Thus, we get by (j6.7|) that 






1 /■ -i+^^+ai(C)+a2(C) 



1 

lim- / — ' • '''" ''" dC 

-5^0 IT Js<\(;\<So C 

i+bl(C)-ai (0-^2(0 
1 f -i+^+aiiO+a2iO 



lim- / ^ dC- (6.13) 



Obviously, if /(C) = 0(|C|), then there holds for 5o small enough 

/(C) 



/ 



-i+^i^+ai(C)+a2(C) 



dC\ < C60, 



/5<|C|<<5o C 

which together with (|6.9p implies that 

»+fei(0)-ai(0) 



|lin,i/ fi^rfC - l.m i /■ Z!lfe«l=!«I,cl < CT„. (6.14) 

^^0 vr Js<\(;\<So C 5^0 vr J5<|(|<5o C 

Now, we write 

1 



1 /■ -i+^+ai(C)+a2(C) ,^ 

lim — / ^ dQ 

■5^0 vr J5<\(:\<So C 

ai (0-^2(0 



-5^0 vr J5<|C|<5o C ^~*0 vr y5<|(|<5o C 
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By a direct computation, we get for a^ie) ^ 

1 



,i,,i/ Z!l3zrfc = ,imi/ #±^.iC 



■So 



~l -r—TodC = - arctan{ — ^), (6.16) 

TT Jo 1 + C^ vr a+(e) 



and for <T+(e) = 



1 



1 f -i+^ 



lim- / " / dC = 0. (6.17) 

<5^0 vr Js<\(:\<5o C 

By the properties of ai(C) and 02 (C)) it is easy to prove that for o"+(e) / 

-ai(C)-a2(C) 

|hm-/ ^ i ^' ^--dC\<C6o + Celna+{£), (6.18) 

5^0 vr J5<|c|<<5o C 

and for (T_|.(e) = 

-ai(C)-a2{C) 

I lim - / ^ ^ — dCl < CSq. (6.19) 

■5^0 vr J5<|^|<5o C 

Note that if (7+(e) 7^ 0, we have, by the analyticity of cr+(e), 

hm eln(T+(e) = 0. 

By summing up (I6.13|) - (l6.19p . we get that as e tends to zero 



lim i / ^dC - isgna+(e)| < C60, 

5^0 vr J5<\c\<5n C 



5^0 vr 75<|^|<5o C 

for (5o small enough. Since (j6.12p can be similarly proved, we omit its proof here. D 

To complete the proof of Proposition 16. 2t it is sufficient to prove that cr±(£) must be zero. 

Case 1. a+{e) > 0. 

(2) 
By the definition of Fg (x), we have 



"+00 

'M 

where H is the Hilbert transform and 



/■+00 -1 

/ F^^>{x)dx = -(C2(0) - iHc2(0)), (6.20) 

Jai ^ 



A a 
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We get by Lemma ESI that 

|c2(0)-iHc2(0)| < Ce. (6.21) 

By the definition of the Hilbert transform, we have 

Hc2(0) = limi/ MC),^=nmi/ ^ciC + ^ / ^^C, (6.22) 

S^O IT J|^|>5 C S~*0 TT J5<\C\<5o C 71" J\(;\>5o C 

where (^o is a small enough constant. We get by (j3.8p that 

^ ^ ""^^^^(iCl <Ce/^o. (6.23) 



TT y|C|>5o c 
We write 

^, 1 /" c(A)-c(-A) ,^ 

+V21im- / ^ ^^C- 



Since |c(A)| < 1 by ([HSD, we get 

H^l f .^^^^ .A7^<A)-c(-A) 



•5^0 vr J5<\(;\<5o 
From Lemma [6^ we find that as e — > 



,1/ ,£:;i_^)£W^(z^.ci<c.„. (0.24) 

TT J5<|('|<5„ A C 



I lim - / c(^) c( ^) ^^ _ -(^L ^ sgna_(e))| < C6o. (6.25) 

5^0 TT J5<|C|<<5o C 

By summing up (|6.22p - (|6.25p . we get that as e ^ 

|Hc2(0) - iV2{l + sgna_(e))| = o(l). (6.26) 

On the other hand, we get by (j6.8p and (j6.10p that as e — > 

|c2(0)-^/2(l + |sgna_(e)|)|=o(l), 

from which and (j6.26p . it follows that, as e — > 0, 

|C2(0) - iHc2(0)| = |2^/2 + ^/2(|sgncj_(e)| + sgna_(e))| + o(l) > V2, 

which contradicts (j6.2ip . 
Case 2. a-{e) > 0. 
Exactly as in the proof of Case 1, we can get, as e ^ 0, 

|C2(0) -iHc2(0)| = |2^/2 + y2(|sgncj+(e)| +sgna+(e))| +o(l) > ^2, 

which contradicts (j6.2ip . 
Case 3. a+{e) < 0. 
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By the definition of F2 (x) , we have 



/ FP{x)dx = -{Uo)+imm, 

J-00 ^ 



where H is the Hilbert transform and 

A a 

We get by i^M) that 

|c2(0)+iHc2(0)| <C7e. (6.27) 

Exactly as in the proof of Case 1, we can get, as e — > 0, 

|c2(0) + \/2(l + |sgna_(e)|)|=o(l), 
|Hc2(0) - iV2{l - sgnCT_(e))| = o(l). 

So, we have 

|C2(0) +iHc2(0)| = \2V2 + V2{\sgna.{e)\ - sgna^{e))\ + o{l) > ^2, 

which contradicts (j6.27p . 
Case 4. a-{e) < 0. 

As in case 3, we have, as e — > 0, 

|C2(0) +iHc2(0)| = |2V2 + ^(|sgna+(e)| -sgna+(£))| +0(1) > V2, 

which contradicts ()6.27p . 

So, we conclude that a± must be zero. This completes the proof of Proposition 16. 2i D 

As a corollary of Proposition 16. 2^ we have 
Proposition 6.3. For e small enough, we have 



«(A) 
Proof. By Lemma 13.11 it suffices to prove that 

, KA) , 



< Ce{Q)-\ (6.28) 



<Ce, 



'a(A)' 
which can be deduced from (16. 7p and (16. Sh . since (J±{e) is zero by Proposition 16.21 D 



27 



7 Proof of Theorem 1.1 

Let {a{X),b{X)} be given by ()3.3p . By Proposition 16.11 a(A) has only one zero Aq. Let bo be 
the constant such that 

'/'ilaJjAo) = bo^p2ix,Xo)■ 

The evolution transition coefficients {a{t, A), b{t, A)} are given by 

a{t, A) = a(A), 6(f, A) = 6(A) exp(-i4ACt). 

and 

f^o{t) = — 77VT' 6o(t) = 6oexp(4Aofot), Co = (Aq - tt)^ = ii^o- 

We set 

Fi'\t,z) = —J ci{t,C)e''^'dC, F!^^\t,z) = —j C2(i,C)e*^^dC, 

ci(t,C) = c(t,A)+c(t,-A), C2(t,C) = '^''^^7^^'"^\ c(t,A) = ^, 

A a{t, X) 

Fi{t,z) = Fi'\t,z)-Fi'\t,z), F2{z) = Fi''\t,z)-FP{t,z). 
In the following, we will solve the evolution Marchenko equations for y > x 
2V2^u{t,x,y)=F2{t,x + y) 

r+oo 

- / ^i2{t,x,s)V2{Fi{t,s + y) -iF^{t,s + y)) + ^n{t,x,s)F2{t,s + y)ds, (7.1) 

J X 

and 

2V2^i2{t,x,y)=V2{Fi{t,x + y) + iF^{t,x + y)) 

r+oo 

- / ^ii{t,x,s)V2{Fi{t,s + y) + iF^{t,s + y)) + ^i2{t,x,s)F2{t,s + y)ds. (7.2) 

J X 

Let {^11 (t, X, y), ^^2 (^; ^' y)} be the solution of the following Marchenko equations involving 
only kernel F'^^' , namely 

2V2^'^^{t,x,y) = -FP{t,x + y) 

+ / ^^^^ (t, X, s)V2{Fi^^ (t, s + y)- iF^"-^' {t,s + y)) + ^S^^ (t, x, s)Ff ^ (t, s + y)ds, 

and 

2^/2^g (i, X, y) = -V2{f[^^ (t, X + y) + iF^'^' (t, x + y)) 

r + CxD 

+ / vi,(i)(i, X, s)V2{F[^\t, s + y) + iF^'it, s + y)) + ^'^^j{t,x, s)Fi^\t, s + y)ds. 

J X 
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Notice that, in view of the expression of F^ 5-^2 recalled above, these integral are finite 
rank equations. Consequently, they can be exactly solved as 

Mo(i) Mo(*) 

Proposition 7.1. There exists a unique solution {^ii{t,x,y),'^i2{t,x,y)} to the Marchenko 
equations |y. j[j and |7.^ such that for |a| < 2 



a"*n(t, X, y), 9"*i2(t, a:, y) G ^(y > x), (7.4) 

||a^(^(t,x,-) - ^«(t,x,-))||L2(j,>x) < Ce. (7.5) 

Furthermore, if we set 

u{t, x) = 2\/2i^2i(i, X, x) + 1, (7.6) 

then u{t,x) is a solution of the Gross-Pitaevskii equation lil.l\) . 
Proof. We set 

^l^{t, X, y) = ^ii(t, X, y) - ^^\^(t, X, y), W^^i^, x, y) = ^i2(t, x, y) - ^$2^(4, x, y). 

Then the Marchenko equations (|7.ip and (|7.2p are transformed into the equations in terms 
oi{W^^{t,x,y),W^2{t,x,y)] 

/'+00 

2V2^ii(t,x,y)= / ■^Ut,x,s)V2{F[^\t,s + y)-iF!^^^\t,s + y)) 

J X 

+^^i(t, X, s)F^'^^ (t, s + y)ds + Fi{t, X, y), (7.7) 



and 



2V2^>\2{t,x,y) = [ ^'u{t,x,s)V2{Fi^\t,s + y) + iFi^^'{t,s + y)) 

J X 

+^^2(i, X, s)fP (t, s + y)ds + J'2{t, X, y). (7.8) 



Here 



J^i{t,x,y) = - [ '"{^'lJ+^{2){t,x,s)V2{Fi^\t,s + y)-iFP\t,s + y)) 

J X 

+(*ff + ^'n){t,x, s)FP{t, s + y)ds + Ff\t, x + y), (7.9) 

^2(t,x,y) = - / "(^Sl)+^^i)(t,x,s)\/2(Ff)(t,s + y) + iFi')'(t,s + y)) 

J X 

+{^'^l^ + ^\2){i^x,s)F!^^\t,s + y)ds + ^{F[^\t,x + y) + iF^^^\t,x + y)). (7.10) 

For fixed t,x G M, if the source terms {.Fi(i,x,y),.Fi(t, 3;,y)} G -/^^(y > x) are given, we firstly 
show that the integral equations (|7.7p and (j7.8p have a unique solution {^^^(i, x, y), ^i2(^' ^' y)} ^ 
L'liy > x). We reformulate the integral equations (|7.7p and (|7.8p as 

{I + n,W{t,x,y)=J^{t,x,y), (7.11) 
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where 



n^'^''{t,x,y) 



Q{t,s + y)'^'^{t,x,s)ds. 



As we already noticed, the kernel 0,{t, s) is finite rank. Therefore it suffices to show that the 
homogeneous equation 

has only a trivial solution in Ly{y > x). Indeed, multiplying by 'ifii{t,x,y) on both sides of 
(|7.7|) . then integrating the resulting equations with respect to y on (x,+oo), we obtain 

+00 r+00 r+00 

\^[^it,x,y)\^dy = fioit)\ / e-''''y^[^it,x,y)dy\^+ / J'iit,x,y)'^[^it,x,y)dy 



+V2fio{t){Xo + iuo) 
Similarly, we have 



+00 



+ CXD 



^l^it,x,s)ds / e"'''y^[^{t,x,y)dy. 



(7.12) 



" + CXD r + OD 

\^{2it,x,y)\''dy = Mt)\ I e-'"'y^[2it,^,y)dy\^ + / J'2it,x,y)W^^{t,x,y)dy 



X J X J X 

f+oo r+00 

+V2fioit){Xo - iuo) e-^«^M/ii(t,rc,s)ds / e-'''>yW^^{t,x,y)dy. 



(7.13) 



We get by summing up (I7.12|) and ()7.13p that 

r+00 
2V2/ {\^l,{t,x,y)\' + M,{t,x,y)\')dy 

J X 

) r+00 

J^i{t,x,y)'^[^{t,x,y)dy+ / T2{t,x,y)^'[2{'t,x,y)dy 



' X 

-00 



+Mo(t)| / e-''°'^[,it,x,y)dy\^ + Mt)\ / e-'^'y^l2{t,x,y)dy\ 

J X J X 

a +00 r+00 



X 

+00 



a +00 r+00 

e-^^'^\2{t,x,s)ds j e-^^yW^^{t,x,y)dy). (7.14) 

Note that the last two terms on the right hand side of (|7.14p are less than 

r+00 r+00 

2V2ixo{t){\l + ulr^ e-''°-'^l2it,x,s)ds e-'^yW,,it,x,y)dy 

J X J X 

. r+00 r+00 

<Mt)[\ / e-'''>y^[,{t,x,y)dyf + \ e-^'>y^l2{t,x,y)dy\ 



Thus, we obtain 

f+00 f+00 

{\^{,{t,x,y)\'' + \^l2{t,x,y)\'')dy < C / {\J^i{t,x,y)\'' + \T2{t,x,y)\^)dy.{7.l5) 

J X 

In particular, if .7-"i(t, x, y) = J^2{t^ x, y) = 0, then 

^\i{t,x,y) = ^\2{t,x,y) = ^. 
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That is, the homogenous equation has a only trivial solution. Notice that we proved in 
fact that the above integral equation is coercive, which gives another argument for exis- 
tence and uniqueness of a solution in L'^{y > x). Furthermore, it can be proved that if 
d°'{Ti{t,x,y),J^i{t,x,y)} G Ly{y > x), then there holds 

d"^l,{t,x,y), d"^l,{t,x,y)eLl{y>x). 

Now, if J^i{t,x,y) and J^2it,x,y) are given by (|7.9|) and (|7.1U|) . it is easily verified by using 
Proposition 16.31 that for \a\ < 2 

With this and (j7.15p . it can be proved by using the fixed point theorem that the integral 
equations (j7.7p and (|7.8p has a unique solution {^'[i{t,x,y),'i'i2(t,x,y) £ Ly{y > x)} and 
there hold for |a| < 2 

d'^^l,{t,x,y), d'^^l2{t,x,y) E Ll{y > x), 

This completes the proof of the first part of Proposition 17. 1[ 

Next, we show that u{t,x) given by (j7.6p is a solution of (jl.ip . To prove it, we need the 
following two Lemmas whose proof will be given in the appendix. 



Lemma 7.1. Let 



f+OO 

7pi{t,x,X) = X^{x,X) - I '^{t,x,s)X^{s,X)ds. 



Then 'ipi{t, x, A) is the solutions of I12.3\) with q = ^u{t, x). 



Lemma 7.2. Let ipi{t,x,X) be as in Lemma 7.1. Then there holds 



^+iB^X = iV3i^-0\, (7.16) 

with XI = {VS-l)h'^^l^u,X2 = (V3 + l)3e^^Vi2, A = ^E. 

With Lemma 17.11 and Lemma 17.21 we get by repeating the argument of section 4 that 

d 

TtLu = i[Lu, i>M , 
dt 

which implies that u{t,x) is a solution of (jl.ip . D 
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With Proposition 17.11 we are in a position to complete the proof of Theorem 1.1. 

Proof of Theorem 1.1. We recah that we denoted by ^'^ the unperturbed kernel given by 
()2.24p . In view of ()2.24p and (j7.3p . it is easy to verify, by using Lemma |3.2| that 

\\¥^\t,x + 2Xot,y + 2Xot) - ^^{x,y)\\L^^yy,) < Ce. (7.17) 

We get by Proposition 17.11 and the Sobolev imbedding that 

||*(i,x,y) - ^^'^\t,x,y)\\L^^y>^) < Ce, 

from which and ()7.17p . it follows that 

||*(t,x + 2Aot,x + 2Aot) -*°(x,x)||l°° < Ce. 

Note that 

Uoix) = tanh(^) = 2V2W'^^{x,x) + 1. 

v2 

Thus, we have 

\\u{t, X + 2Aot) - Uo{x)\\lo- < 2\/2||*(i, x + 2Aoi, x + 2Aot) - *°(a;, x)||loc < Ce. 
This completes the proof of Theorem 1.1. D 

8 Appendix A 

In this Appendix, we will prove Lemma 17.11 and Lemma 17. 2[ 

Proof of Lemma 17.11 To show that ^l'l{t, x, A) is the solution of (j2.3p . it suffices to prove 
that ^{t,x,y) satisfies the linear system (12. lip . For this, we put 

Ci(t, X, y) = {d^ + ay)^ii(t, X, y) - i[-—^i2{t, x, y) + q'{t, x)^t2(*, x, y)j , 

C2it, X, y) = {d^ - dy)^i2{t, x, y) - i{^ — ^^ii(t, x, y) + q*{t, x)^l^{t, x, y)) . 

Then by a direct calculation, we find that Ci(t,x,y) and C2{t,x,y) satisfy the homogenous 
Marchenko equations 

r+oo 

2V2Ci{t,x,y) = - / C2{t,x,s)V2{Fi{t,s + y)-iF^{t,s + y)) + Ci{t,x,s)F2{t,s + y)ds, 

^ X 

r+oo 

2V2C2{t,x,y) = - / Ci{t,x,s)V2{Fi{t,s + y) + iF^{t,s + y)) + C2{t,x,s)F2{t,s + y)ds. 

Jx 

Since the homogenous equations have a only trivial solution, Ci{t,x,y) = C2{t,x,y) = 
follows. This proves that ^{t,x,y) satisfies the linear system (j2.1ip . □ 
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.^-MT^-(i.T-Kro-)- 



Proof of Lemma 17.21 Set h = e'^^^'tpi{t,x, A). Then (|7.16|) is equivalent to 

+(2\/3C - 2X)d^h + iVsdlh = g. 
Since ipi{t,x, A) is a solution of ()2.3p . we have 

'"^'■ = (I o) '=+ (" o)*'=+ (J-i) (»?''+':4'')- 

Substituting this into g, we get 

Note that 

/i= (y2(A-C)) ~ / *(^'^>^ + «W(«>^)^^- 
Substituting this into (j8.2p . we get by integrating by parts and (|2.1ip that 

r+oo 

g= G{t,x,y + s)X+{s,X), 

Jo 

where 

^ ' ^' ^' V -^(^- + ^l/)'^2l + 2q{d, + a,)^n -i(9, + dyf^22 + 2q{d^ + 9,)^i2 
Note that 

dh f~^°° 

— = -/ dt'^{t,x,x + s)X+{s,X)ds. 

Thus, to prove (jS.ip . it suffices to prove that 

dt^it,x,y) = -G{t,x,y). (8.3) 

By the definition of Fi(t, z) and Fi{t, z), we have 

f(M)^-4§(M). 
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Thus, we get by differentiating (|7.ip and (|7.2p with respect to t that 

2V2dt'^ii{t,x,y) = Di{t,x,y) 

r+oo 

- / dt^uit, X, s)V2{Fi{t, s + y)- iF^{t, s + y)) + dt^ii{t, x, s)F2{t, s + y)ds, 

J X 

2V2dt^i2{t,x,y)=D2{t,x,y) 

r+oc 

- / dt^nit, X, s)V2{Fi{t, s + y) + iF^{t, s + y)) + dt^uit, x, s)F2{t, s + y)ds, 

J X 

where 

r+oo 

Di{t, x,y) = - ^i2(t, X, s)V2{4F2{t, s + y)- 2F^{t, s + y) + AiF'^{t, s + y))ds 

J X 

r+oo 

+4 / ^uit,x,s)F[{t,s + y)ds - 4F[{t,x + y), 

J X 

D2{t, X, y) = V2{AF'^ {t, x + y)- 2F^{t, x + y) - UF^ {t, x + y)) 

r+oo 

- / ^ii{t,x,s)V2{4F2{t,s + y)-2F^{t,s + y)-AiF^{t,s + y))ds 

J X 

r+oo 

+4/ ^i2{t,x,s)F{{t,s + y)ds. 

J X 

On the other hand, differentiating (j7.ip and ()7.2p with respect to x and y, we get by inte- 
grating by parts and (12. lip that 

2V2Gii{t,x,y) = -Di{t,x,y) 

r+oo 

- / Gi2(t,x,s)V2(Fi(t,s + y)-iF^(t,s + y)) + Gii(t,x,s)F2(t,s + y)ds, 

J X 

2V2Gi2{t,x,y) = -D2{t,x,y) 

r+oo 

- / Gn{t,x,s)V2{Fi{t,s + y) + iF^{t,s + y)) + Gi2{t,x,s)F2{t,s + y)ds. 

J X 

Thus, dt^{t,x,y) and —G{t,x,y) satisfy the same Marchenko equations. So, we conclude 
(j8.3p by the uniqueness of the solution of the Marchenko equations. D 



9 Appendix B 

In this appendix, we prove Corollarv ll.il The proof is based on Theorem 1 1 . 1 1 and a compact- 
ness argument. 

Proof. Let uq be a Cauchy datum as in Theorem ll.il Due to Theorem ll.lt 

sup \\u{x + 2Aoi, t) — Uo{x)\\loo < Ce , 
teR 

where Aq is the unique zero of the transition coefficient a associated to uq. We shall show 
that, given, 5 > 0, for e > small enough, 

sup \\u'{x + 2Aot, t) - U'q{x)\\l2 + \\\u{x + 2Aot, t)P - |^o(a:)|^||L2 < 5. 

ieR 
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By contradiction, otherwise there would exist S > and a sequence {uq} verifying 

\\ < x>'^ d''{uQ{x) -Uo{x))\\lo° ^0, as n ^ +00, for A; < 3 

and a sequence {t„} such that 

\\u'^{tn,X + 2X'Stn) - U^{x)\\l2 + \\\Un{tn,X + 2X01^)1"^ - \Uo{x)\'^\\l2 >6 , (9.1) 

sup\\un(t,x + 2\Qt) — Uo{x)\\loo ^f 0, as n^^+oo. (9-2) 

Here Xq denotes the unique zero of the transition coefficient a„ associated to Uq, and Un 
denotes the solution to (jl.ip with Cauchy datum Uq. We will follow the argument in Page 
20 of [4j to yield a contradiction. Firstly, we have the energy conservation 

E{un{t)) = ^ f\u'^{t,x)\^dx + ^ f\\u„it,x)\^-l\^dx = E{u'^), 



from which and ()9.2p . it follows that, for any B > 0, 

Un{tn,X + 2X^tn)^Uo{x) in H\\x\<B). (9.3) 

Next, we take B such that 



J\x\>B ^ ^ 



(9.4) 



and ris such that 



Eiu^) < E{Uo) + ^, (9.5) 



for any n>n^. Since 

/ olt^ol^ + 7l|f^op-l|^d3;<liminf / -|<(t„,x)|2 + -||u„(t„,x)|2 - Ipdx 

J\x\<B 2 4 n^+oo J^B+2X!iU 2 4 



»_B+2Aot 

-It^ol^ + Tllf^oP - ll^da; < liminf / 
'\x\<B^ 4 "^+°°7-^^..o.„ 

which together with ()9.4p - ()9.5p and the energy conservation implies that for n> ns 



/ okn(*n'^)P + -7\\Un{tn,x)\'^ - l\'^dx < -, 

J \x-2X}^tn\>B ^4 J, 

In view of (j9.3p . we infer, for n big enough 

|K(t„,x + 2A[Jt„) - C/o(x)||i2 + |||'Un(in,x + 2Aotn)|^ - \Uo{x)f\\L^ < 5 
which contradicts (|9.ip . The corollary follows. D 
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